Many applications such as engineering and human mortality can expose bivariate dimensions in its lifetime distribution. This paper proposes bivariate distribution constructs of well-known lifetime distributions named Weibull and Linear Failure Rate distributions. Gaussian copula is used to emerge the two distributions and form bivariate Weibull Linear Failure Rate distribution. To obtain distribution parameters, this paper suggests parametric methods. Moreover, a goodness of fit test for copula is proposed to test the fitness of the bivariate model. Finally, a simulation study is considered to model the bivariate Weibull Linear Failure Rate distribution and examine the satisfactory performance of the proposed distribution.
Introduction
In real life application, the system requires multi-dimensions with different reliability to perform the models. The popular lifetime distribution is Weibull distribution due to its flexibility in different applications such as engineering and medical fields.
Numerous researches have been proposed to generalize and modify Weibull distribution. One of the interest modification is by introducing one to three additional shape parameter(s) to the baseline distribution. The Weibull-G class is a generator of distributions proposed by Bourguignon et al. (2014) [7] . This class has became more attention in several researches such as Cordeiro et al. (2014) [8] ,
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Abd [1] , and among others. In addition, many papers constructed the bivariate and multivariate lifetime distribution using copula models. For examples, Adham, et al. (2008) [3] , AL-Dayian et al. (2009) [5] and Abd elaal M (2017) [2] . Typically, copulas are used to measure the dependence structure between random variables and solve many important problems.
In this paper, we propose new bivariate Weibull G (WG) distributions based on linear failure rate distribution as a special sub-modal. The proposed distribution bivariate Weibull Linear Failure Rate distribution (BWLRF) based on Gaussian copula which is the popular used in the literature. This class could be provided high flexibility in the marginal and the dependence structure.
Hence, the general form of probability density function (PDF) for Weibull G (WG) distribution, due to Alzaatreh et al. (2013a) [6] , is
where ( , )and ( , ) are cdf, and pdf, of any baseline distribution depend on a parameter vector , t in the range of g(t, ), β > 0, the scale parameter and > 0, the shape parameter. And, the (WG) distribution function (CDF) is given
Moreover, the (WG) (hrf) hazard rate function is given by 
and
where ≥ 0 and , , , > 0. and
where ≥ 0 , , , > 0. We can conclude that WLFR distribution has a shape with right skewed, this will imply that BWLFR could be implement to any datasets with no restriction on the shape. The Gaussian copula has the following form
Hence, consider 1 and 2 follow Weibull linear failure rate (WLFR) distribution, then the joint PDF of 1 and 2 is following bivariate Weibull linear failure rate distribution (BWLRF) based on Gaussian copula will has the following model.
( 1 , 2 , , , , )
where , , , , > 0 ∈ [−1,1] is a dependence parameter .
Parameter Estimations
We discuss the estimation of the unknown parameters of BWLFR distribution by the parametric approach. In addition, we provide two approaches to fitting copula model. The first one is joint estimation (MLE) and the second is two-step estimation (IFM). The first approach is used to estimate the parameters of marginal distributions and the copula together. While the second one is used as two-steps procedure for estimating the marginal and the copula parameter separately.
Maximum likelihood estimation Method
For the joint estimation Maximum likelihood estimation (MLE) is usually used to estimate all the parameters simultaneously. With the density function of bivariate distribution gives as
The log-likelihood function for vector of parameters ξ = ( , , , , ) can be expressed as
The log-likelihood function in (11) can be re-expressed as
The resulting estimate for the copula parameter would be marginal dependent, just as the estimates of the parameters involved in the marginal distributions would be indirectly affected by copula. Now for simplicity, we assume that the parameter = (r, s ) and ( , , , )
Let 1 , … , be a random sample of size n has BWLFR distribution and =( 1 , 2 ), =( 1 , 2 ), =( 1 , 2 ). Then the log-likelihood function of the joint distribution ( , , , ) is ( , , , ) =
.
Setting ( ), ( ), ( ) equal to zero and solving numerically simultaneously yields the MLE of , , , ℎ
The estimate of copula parameter of (BWG) distributions is given by
Two-Step Estimation (IFM)
The second is approach two-step procedure estimating the marginal and the copula parameter separately.
The log-likelihood function in (22) can be re-expressed as
The first step is estimating the parameters of marginal distribution 1 and 2 by MLE separately as given,
Then, estimating copula parameters by maximizing the copula density as given
By considering the first step with (WLFR) distribution, the parameters of each marginal distribution will be estimated by MLE. 
( , , , ) = (2 − 1)
setting equations (25), (26) and (27) to zero. Then the solution of the system of non linear equations (25), (26) and (27) will give the MLE of , , . Now, the copula density will estimated as given,
where 1 ( 1 ) and ,̂2( 2 ) denote the ML estimates of the parameters from first step. The solution of the nonlinear equation (28) gives the MLE of
Goodness of Fit Test for Copula
Practically, the goodness of fit tests are an important procedure for copula models. Regarding to Fermanian (2005) [10] , the most powerful test is found by comparing the empirical copula with a copula parametric estimate of obtained under the null hypothesis Dobrić and Schmid (2007) [9] . That is, test if C is wellrepresented by a specific copula 0 : = . 1 : ≠ Hence, the goodness of fit tests based on the empirical process
where ( , ) is the empirical copula of the data of 1 and 2 ( , )
where , , , are pseudo observations from C calculated from data as follows
1 , 2 are respectively the ranks of 1 , 2 Here ( , ) is a consistent estimator and is an estimator of obtained using the pseudo observations. Then Cramer-von Mises statistics is computed using the following formula 
Simulation Data
In order to illustrate the efficiency of the proposed distribution, we generate 1000 samples of size 50 and 150 from BWLFR where Gaussian copula parameter θ = 0.8. The process begins with initial values of WLFR distribution parameters. Then, the parameters of the new distribution are estimated via MLE method and also using IFM method. Moreover, the correlation measures Kendall's tau and Spearman's rho of two variables with BWLFR distribution are obtained and used to provide the values of copula parameter.
The estimations of parameters for the model by Gaussian copula and the corresponding bias, mean squared errors and relative mean squared errors based on 1000 replications are reported in Table (1) , (2) , and (3). Given the results from simulation study, it's clear that the parameters from the proposed bivariate distribution would be more accurate than the parameters of the univariate distribution.
We observe that results become better when the sample size is increased. Practically, the values of MSE and RMSE of the estimates are more smaller when increase the sample size, as presented in Table(1) and Table( 2). The estimated values of correlation parameter are presented in Table ( 3). It shows that MML = 0.00001, at sample size =150, provides most efficient estimate of the model with the marginal and Gaussian copula parameters compared to ML, Itau, and Irho.
While Table (4) displays a non signficant p-value obtained using parmetric bootstrap for Gaussian copula function, one can conclude the selected parmetric copula function provide approporiate fit to the marginals. 
